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A SUB-RIEMANNIAN CURVATURE-DIMENSION INEQUALITY, VOLUME 
DOUBLING PROPERTY AND THE POINCARE INEQUALITY 

FABRICE BAUDOIN, MICHEL BONNEFONT, AND NICOLA GAROFALO 



Zri ' Abstract. Let M be a smooth connected manifold endowed with a smooth measure /i and 

I a smooth locally subelliptic diffusion operator L satisfying LI = 0, and which is symmetric 

S . with respect to fj,. We show that if L satisfies, with a non negative curvature parameter, the 

generalized curvature inequality introduced by the first and third named authors in [BGl] , then 

the following properties hold: 

m 

• The volume doubling property; 

• The Poincare inequality; 
{^ • • The parabolic Harnack inequality. 

Q 

• , The key ingredient is the study of dimensional reverse log-Sobolev inequalities for the heat 

i-i^ ' semigroup and corresponding non-linear reverse Harnack type inequalities. Our results apply 

j^ , in particular to all Sasakian manifolds whose horizontal Webster- Tanaka-Ricci curvature is non 

negative, all Carnot groups with step two, and to wide subclasses of principal bundles over 

Riemannian manifolds whose Ricci curvature is non negative. 
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1. Introduction 

A fundamental property of a measure metric space {X, d, fi) is the so-called doubling condition 
stating that for every x £ X and every r > one has 

(1.1) fiiB{x,2r))<CdKBix,r)), 

for some constant Cd > 0, where B{x,r) = {x G X \ d{y,x) < r}. As it is well-known, such 
property is central for the validity of covering theorems of Vitali- Wiener type, maximal function 
estimates, and it represents one of the central ingredients in the development of analysis and 
geometry on metric measure spaces, see for instance [Fej, [FE\ . |CW] . [HKj . [Hej . [HaJ . [AT] , 
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Another fundamental property is the Poincare inequality which claims the existence of constants 
Cp > and a > 1 such that for every Lipschitz function / on B{x, ar) one has 

(1.2) f \f-fB\^df,<Cpr [ g^diJ, 

JB{x,r) JB{x,ar) 

where we have let /b = ij-{B)^^ J^ fdfi, with B = B{x,r). In the right-hand side of ()1.2p 
the function g indicates an upper gradient for / (see |Che| and |HeKj for a discussion of upper 
gradients) . 

One basic instance of a measure metric space supporting (ll.lh and (II. 2p is a complete n- 
dimensional Riemannian manifold M with nonnegative Ricci tensor. In such case (jl.ip follows 
with Cd = 2" from the Bishop-Gromov comparison theorem (see e.g. Theorem 3.10 in [Cha]), 
whereas (jl.2p was proved by Buser in |Bu] . with a = 1 and g = |V/|. 

Beyond the classical Riemannian case two situations of considerable analytic and geometric 
interest are CR and sub-Riemannian manifolds. For these classes global inequalities such as 
(jl.ip and (jl.2p are mostly terra incognita. The purpose of the present paper is taking a first 
step in filling this gap. 

To introduce our results we consider measure metric spaces (M, d, /x), where M is C°° manifold 
endowed with a C°° measure //, and d is a metric canonically associated with a C°° second-order 
diffusion operator L on M with real coefficients. We assume that L is locally subelliptic on M, 
and that moreover: 

(i) LI = 0; 
(ii) lMf^9dfJ, = fmSLfdn; 

for every f,g G Cg°(M). The distance d is constructed as follows: 

(1.3) ci(x,y)=sup{|/(x)-/(y)||/GC°°(M),||r(/)|U<l}, x,y eM, 
where for a function g on Wl we have let H^Hoo = esssupl^j. 

M 

The quadratic functional r(/) = r(/, /), where 

(1.4) r{f,g) = ^{Lifg)-fLg-gLf), f,gGC^{M), 

is known as le carre du champ. Notice that r(/) > and that r(l) = 0. 

Throughout this paper we assume that the metric space (M, d) be complete. We also suppose 
that M is equipped with a symmetric, first-order differential bilinear form F : C°°(M) x 
C°°(M)^R, satisfying 

r^{fg,h) = fT''{g,h)+gT''if,h). 

We assume that F^(/) = F^(/,/) > (one should notice that F^(l) = 0). 

Given the first-order bilinear forms F and F^ on M, we now introduce the following second- 
order differential forms: 

(1.5) T2{f,g) = ^[LT{f,g)-r{f,Lg)-T{g,Lf)], 

(1.6) Ff (/, g) = ^ [LT^if, g) - T^{f, Lg) - T^{g, Lf)] . 

Observe that if F = 0, then Ff = as well. As for F and F , we will use the notations 
r2(/)=F2(/,/),Ff(/) = Ff (/,/). 

The next definition represents the central notion of this paper. 
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Definition 1.1. We say that M satisfies the generalized curvature-dimension inequality CD{pi,p2, k, d) 
if there exist constants pi G M, p2 > 0, k > 0, and d > 2 such that the inequality 

(1.7) r2(/) + ^rf (/) > i(L/)2 + (pi - ^) r(/) + p^r'^U) 

hold for every f G C°°(M) and every ly > 0. 

Let us observe right-away that if p[ > pi, then CD{p[, p2,K,d) =^ CD{pi, p2,K,d). To 
provide the reader with some perspective on Definition II . II we remark that it constitutes a gen- 
eralization of the so-called curvature- dimension inequality CD(pi, n) from Riemannian geometry, 
see |BEj . |Baj . |Stlj . |St2j . |LVj . We recall that the latter is said to hold on a n-dimensional 
Riemannian manifold M with Laplacian A if there exists pi G M such that for every / G C°° (M) 
one has 

(1.8) r2(/)>-(A/)2 + pi|v/|2, 

n 
where 

r2(/) = ^{A\Vff - 2 < V/, V(A/) > ). 

To see that (jl.7p contains (jl.Sp it is enough to take L = A, T^ = 0, k = 0, and d = n, and 
notice that ()1.4p gives r(/) = |V/p (also note that in this context the distance ()1.3p is simply 
the Riemannian distance on M). It is worth emphasizing at this moment that, remarkably, on 
a complete Riemannian manifold the inequality (jl.Sp is equivalent to the lower bound Ric > pi. 
One direction easily follows from the Bochner identity and the Cauchy-Schwarz inequality. The 
opposite direction is more complicated, but it follows by combining Theorem 1.3 in [RS] with 
Proposition 3.3 in [Ba]- 

The essential new aspect of the generalized curvature-dimension inequality CD{pi, p2,K,d) 
with respect to the Riemannian inequality CD{pi,n) in (II. 8p is the presence of the a priori non- 
intrinsic forms r and Tf . In the non- Riemannian framework of this paper the form T plays 
the role of the square of the length of a gradient along the (horizontal) directions canonically 
associated with the operator L, whereas the form T^ should be thought of as the square of the 
length of a gradient in the missing (vertical) directions. 

In Definition 11.11 the parameter pi plays a special role. For the results in this paper such 
parameter represents the lower bound on a sub-Riemannian generalization of the Ricci tensor. 
Thus, pi > is, in our framework, the counterpart of the Riemannian Ric > 0. For this reason, 
when in this paper we say that M satisfies the curvature dimension inequality CT){pi,p2,ii,d) 
with pi > 0, we will routinely avoid repeating at each occurrence the sentence "for some p2 > 0, 
K>0 andd> 2". 

Before stating our main result we need to introduce two further technical assumptions on the 
forms r and F : 

(H.l) There exists an increasing sequence hk G C^(M) such that h^ /^ 1 on M, and 

||r(/ife)||oo + ||F^(/ifc)||oo^O, asfe^oo. 

(H.2) For any / G C°^(M) one has 

F(/,F^(/))=F^(/,F(/)). 

The hypothesis (H.l) and (H.2) will be in force throughout the paper. Let us notice explicitly 
that when M is a complete Riemannian manifold with L = A, then (H.l) and (H.2) are fulfilled. 
In fact, (H.2) is trivially satisfied since we can take F^ = 0, whereas (H.l) follows from (and it 
is in fact equivalent to) the completeness of (M, d). Actually, more generally, in the geometric 
examples encompassed by the framework of this paper (for a detailed discussion of these examples 
the reader can consult |BG1| ). (H.l) is equivalent to assuming that (M, d) be a complete metric 
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space (the reason is that in those examples F + T^ is the carre du champ of the Laplace-Beltrami 
of a Riemannian structure whose completeness is equivalent is to the completeness of (M, d)). 

In this paper we also assume that given any two points x,y € M, there exist a subunit curve 
joining them. Under such assumption, the metric space (M, d) is a length-space in the sense of 
Gromov. For these notions we refer the reader to Section [2. II below. We are now ready to state 
the main result in this paper. 

Theorem 1.2. Suppose that the generalized curvature- dimension inequality hold for some pi > 
0. Then, there exist constants CdjCp > 0, depending only on pi, p2,K,d, for which one has for 
every a; € M and every r > 0: 

(1.9) fiiB{x,2r))<CdpiBix,r)); 

(1.10) / \f-fB?dii<Cyf T{f)dp, 

JB{x,r) JB{x,r) 

for every f G C^{B{x,r)). 

We note explicitly that the possibility of having the same ball in both sides of (jl.lOp is due 
to the above mentioned fact that (M, d) is a length-space. To put Theorem 11.21 in the proper 
perspective we note that, besides the already cited case of a complete Riemannian manifold 
having Ric > 0, the only genuinely sub-Riemannian manifolds in which (jl.9p and (jl.lOp are 
presently known to simultaneously hold are stratified nilpotent Lie groups, aka Carnot groups. 
In such Lie groups the doubling condition (jl.Op follows from a simple rescaling argument based 
on the non- isotropic group dilations, from the group left-translations and form the fact that the 
push-forward to the group of the Lebesgue measure on the Lie algebra is a bi-invariant Haar 
measure. Similar tools were also at the basis of Varopoulos' elementary proof of the Poincare 
inequality (|1.10p in [V] for more general Lie groups with polynomial growth. 

It is worth mentioning at this point that, when L is a sum of square of vector fields like in 
Hormander's work on hypoellipticity [H], then a local (both in x G X and r > 0) doubling 
condition was proved in the paper [NSW] . In this same framework, a local version of the 
Poincare inequality was proved by D. Jerison in [^. But no geometry is of course involved in 
these fundamental local results. The novelty of the present work is in the global character of 
the estimates ^^ and (fTTO]) . 

We recall that one of the main motivations for the work [NSWj was understanding boundary 
value problems coming from several complex variables and CR geometry. In connection with 
CR manifolds we mention that in the recent paper |BGlj two of us have proved the following 
result. 

Theorem 1.3. Let (M, 0) he a CR manifold with real dimension 2n + 1 and vanishing Tanaka- 
Webster torsion, i.e., a Sasakian manifold. If for every x S M the Tanaka- Webster Ricci tensor 
satisfies the bound 

for every horizontal vector v £ Hx, then the curvature- dimension inequality CT>{pi,^,l,2n) 
holds. 

By combining Theorem 11.21 with Theorem 11.31 we obtain the following result. 

Theorem 1.4. Let Wl be a Sasakian manifold of real dimension 2n + 1. If for every x G M 
the Tanaka- Webster Ricci tensor satisfies the bound Ric^. > 0, when restricted to the horizontal 
subbundle T-i^, then there exist constants C^, Cp > 0, depending only on n, for which one has for 
every x G M and every r > 0: 

(1.11) ^{Bix,2r))<CdfiiB{x,r)y, 
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(1.12) / 1/ - fsl^dfi < Cpr^ [ iV^/pd/i. 

JB{x,r) JB{x,r) 

In (I1.12P we have denoted with Vnf the horizontal gradient of a function / G C^{B{x,r)). 
Concerning Theorem 11.41 we mention that in their recent work [ALj Agrachev and Lee, with a 
completely different approach from us, have obtained (|1.11|) and (|1.12p for three-dimensional 
Sasakian manifolds. 

Once Theorem ll.2l is available, then from the work of Grygor'yan [Grilj and Saloff-Coste |SC] 
(see also [FS] . [KSlj . |Stlj . [St2j, [St3]) it is well-known that, in a very general Markov setting, 
the conjunction of (jl.Op and (ll.lOp is equivalent to Gaussian lower bounds and uniform Harnack 
inequalities for the heat equation L — dt- For the relevant statements we refer the reader to 
Theorems 14.11 and 14.41 below. 

Another basic result which follows from Theorem 11.21 is a generalized Liouville type theorem, 
see Theorem 15.21 below, stating that, for any given A^ E N, 

(1.13) dim^7v(M,L) <oo, 

where we have indicated with 'WAr(M, L) the linear space of L-harmonic functions on M with 
polynomial growth of order < N with respect to the distance d. 

In closing we mention that the framework of the present paper is analogous to that of the work 
[BGlj . where two of us have used the generalized curvature-dimension inequality in Definition 
ll.ll to establish various global properties such as: 

(i) An a priori Li-Yau gradient estimate for solutions of the heat equation L — dt of the form 

u{x,t) = Ptf{x), where Pt is the heat semigroup associated with L; 
(ii) A scale invariant Harnack inequality for solutions of the heat equation of the form u = 

Ptf, with / > 0; 
(iii) A Liouville type theorem for solutions of Lf = on M; 
(iv) Off-diagonal upper bounds for the fundamental solution oi L — dt, 
(v) A Bonnet-Myers compactness theorem for the metric space (M, d) . 

While we refer the reader to [BGlj for the detailed results, we mention here that at the time 
|BG1| was completed one major missing piece was precisely Theorem 11.21 In this sense the 
present paper should be seen as a completion of the program initiated in [BGl]. As for the ideas 
involved in the proof of Theorem 11.21 we mention that our approach is purely analytical and it 
is exclusively based on some new entropy functional inequalities for the heat semigroup. Our 
central result in the proof of Theorem 11.21 is a uniform Holder estimate of the caloric measure 
associated with the diffusion operator L. Such estimate is contained in Theorem 13.71 below, and 
it states the existence of an absolute constant A > 0, depending only the parameters in the 
inequality CD(pi,p2, k, d), such that for every x E M, and r > 0, 



(1-14) PAr^{'^B(x,r)){x] 



1 
> -. 

- 2 



Here, for a set E C M, we have denoted by \e its indicator function. Once the crucial estimate 
()1.14p is obtained, with the help of the Harnack inequality 

(1.15) P./(.,<P,;fe,(^)%,p(°|M!), ,<, 

that was proved in [BGlj (for an explanation of the parameter D see (j2.4p below), the proofs 
of ()1.9p . (jl.lOp become fairly standard, and they rely on a powerful circle of ideas that may be 
found in the literature. 

The proof of (J1.14p which represents the main novel contribution of the present work is rather 
technical. We mention that the main building block is a dimensional reverse logarithmic Sobolev 
inequality in Proposition 12.61 below. We stress here that, even in the Riemannian case, which is 
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of course encompassed by the present paper, such estimates are new and lead to some dehcate 
reverse Harnack inequahties which constitute the key ingredients in the proof of (I1.14p . Still 
in connection with the Riemannian case, it is perhaps worth noting that, although as we have 
mentioned, in this setting the inequalities (jl.ip . (jl.2p are of course well-known, nonetheless our 
approach provides a new perspective based on a systematic use of the heat semigroup. The more 
pde oriented reader might in fact find somewhat surprising that one can develop the whole local 
regularity starting from a global object such the heat semigroup. This in a sense reverses the 
way one normally proceeds, starting from local solutions. 

Finally, we mention that in the recent paper |BG2j two of us have obtained a purely analytical 
proof of (|1.14p for complete Riemannian manifolds with Ric > 0. The approach in that paper, 
which is based on a functional inequality much simpler than the one found in this paper, is com- 
pletely different from that of Theorem 13.71 below and cannot be adapted to the non-Riemannian 
setting of the present paper. 

2. Reverse logarithmic Sobolev inequalities for the heat semigroup 

2.1. Framework. Hereafter in this paper, M will be a C°° connected manifold endowed with 
a smooth measure /i and a second-order diffusion operator L on M with real coefficients, locally 
subelliptic, satisfying LI = and 

fLgdfi = / gLfdn, / fLfdfi < 0, 

Jm Jm 

for every f,g£ C^(M). We indicate with r(/) the quadratic differential form defined by (II. 4p 
and denote by d{x, y) the canonical distance associated with L as in (II. 3p in the introduction. 

There is another useful distance on M which in fact coincides with d{x,y). Such distance 
is based on the notion of subunit curve introduced by Fefferman and Phong in [FP , see also 
|JSC2j . By a result in |PSj . given any point a; G M there exists an open set x G [/ C M in which 
the operator L can be written as 

m 

(2.1) L = -^x:x,, 

1=1 

where the vector fields Xi have Lipschitz continuous coefficients in U, and X* indicates the 
formal adjoint of Xi in L^(M, dfi). We remark that such local representation of L is not unique. 
A tangent vector v G T^M is called subunit for L at x ii v = Yl^i O'i^iix), with Yl^i ^f — ^- ^^ 
turns out that the notion of subunit vector for L at x does not depend on the local representation 
()2.ip of L. A Lipschitz path 7 : [0,r] — )• M is called subunit for L if 7'(t) is subunit for L at 
7(t) for a.e. t £ [0, T]. We then define the subunit length of 7 as ^5(7) = T. Given x, y G M, we 
indicate with 

S{x,y) = {7 : [0,r] ^ M I 7 is subunit for L,7(0) = x, -f{T) = y}. 

In this paper we assume that S{x, y) ^ for every x,y G M. Under such assumption it is easy 
to verify that 

(2.2) 4(x,y)=inf{4(7)l7G^(x,2/)}, 

defines a true distance on M. Furthermore, thanks to Lemma 5.43 in |CKS| we know that 

d{x,y) = ds{x,y), x,yGM, 

hence we can work indifferently with either one of the distances d or dg. 

In addition to the differential form ()1.4p . we assume that M be endowed with another smooth 
bilinear differential form, indicated with F , satisfying for f,g € C^ 

r^{fg,h) = fT^{g,h)+gT^if,h), 
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and r^(/) = r^(/, /) > 0. We make the following assumptions that will be in force throughout 
the paper: 

(H.l) There exists an increasing sequence h^ G C^(M) such that h^ /^ 1 on M, and 

||r(/ife)||oo + ||r^(/ifc)lloo ^0, as A; ^ oo. 
(H.2) For any / € C~(M) one has 

r(/,r^(/)) = r^(/,r(/)). 

(H.3) The generalized curvature- dimension inequality CD{pi, p2, k, d) be satisfied with pi > 0, 
that is: There exist constants pi > 0, P2 > 0, k > 0, and d> 2 such that the inequality 

r2(/) + ^rf (/) > i(L/)2 + (pi - ^) r(/) + p^r^l/) 

hold for every / G C°°(M) and every v > 0, where r2 and Fg are defined bv ll.5l and ll.61 

For example, as we mentioned in the introduction, the assumptions (H.1)-(H.3) are satisfied in 
all Carnot groups of step two, and in all complete Sasakian manifolds whose horizontal Tanaka- 
Webster Ricci curvature is non negative. For further examples, including a wide class of bundles 
over Riemannian manifolds we refer the reader to |BG1) . 

2.2. Preliminary results. In what follows we collect some results from [BGlj which will be 
needed in this paper. In the framework of Section [2. H L is essentially self-adjoint on C^(M). 
Furthermore, the heat semigroup {Pt)t>o with infinitesimal generator L is stochastically com- 
plete, i.e. Ptl = 1 (see [BGlj ). Due to the hypoellipticity of L, the function {t,x) — )• Ptf{x) is 
smooth on M x (0, oo) and 

Ptfix) = [ p{x,y,t)f{y)dp{y), f G C^{M), 

JM 

where p{x,y,t) = p{y,x,t) > is the so-called heat kernel associated to Pt. 
Henceforth in this paper we denote 



Cfe~(M) = C°°(M)nL° 
For e > we also denote by Ae the set of functions / G C^ (M) such that 

f = 9 + £:, 

for some e > and some g G C^(M), g > 0, such that g, '\/T{g), y^T^{g) G ^^(M). As shown 
in [BGlj . this set is stable under the action of Pt, i.e., if / G Ae, then Ptf G Ae. 

Let us fix X G M and T > 0. Given a function f ^ As, for < i < T we introduce the entropy 
functionals 

c^i(t) = Pt {{PT-tminPT^tf)) (x), 

$2(i) = Pt {{PT-t f )r^ {In Pr-tf)) (x). 
For later use, we observe here that, with the above notations, 

(2.3) / ^i{t)dt = PT{flnf){x) - PTf{x)lnPTf{x). 

Jo 

For the sake of brevity, we will often omit reference to the point x G M, and write for instance 
PtJ instead of PTf{x). This should cause no confusion in the reader. 

The main source of the functional inequalities that will be studied in the present work is the 
following result: 
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Theorem 2.1. Let a,b : [0,T] -^ [0, cx)) and 7 : [0,r] -^ M be C^ functions. For e > and 
f £ Ae, we have 

a{T)PT (/r(ln/)) + h{T)PT (/r^(ln/)) - amPr f)T {\n Pt f) - hmPrDT^ {InPrf) 
> (a' + 2pia-2K^-4^ J $i(is+ / {b' + 2p2a)<^2ds 

+ -[ a-fds LPt! --J aj^ds Prf. 
dJo dJo 

Proof. This result is proved in |BGlj . but since the main argument is short for the sake of 
completeness we repeat it here. The idea is to introduce the functional 

'f(t) = a(t)$i(t) + 6(i)$2(t). 

A direct computation yields 

^'{t) = a'(t)$i(t) + 6'(t)$2(t) + 2a(i)Pt {{PT-tf)r2{lnPT-tf)) + 2b{t)Pt ((PT-t/)rf (InPT-t/)) • 

By using the inequality CD{pi, p2, k, d), we then obtain the bound 

*'(t) > (a + 2/>ia - 2^^") $1 + (b' + 2p2a)<^2 + ^ (Pt((Pr-t/)(ilnPT-t/)')) 

We now have 

LlnPr-t/ = ^^^ - r(lnPT-t/), 
Pr-tf 

and an application of the inequality x^ > 2xy — y^ gives, 

{L\nPT-tf? > 2-f{t)Lln Pr-tf - l\t). 
Therefore, 

^'{t) > (a' + 2pia - 2k^ - 4^^ $1 + (6' + 2p2a)^2 + ^LPrf - 2^Pr/. 
\ b d J d d 

Integrating this inequality from to T yields the desired conclusion. 

D 

Henceforth in this paper, we let 

The following scale invariant Harnack inequality for the heat kernel was proved in |BG1] . 

Proposition 2.2. Let p{x,y,t) be the heat kernel on M. For every x,y,z E M and every 
< s < t < 00 one has 

,ft\^ fDd(y,z^^ 

p{x,y,s) <p{x,z,t) - exp ' 



sj \d4:{t-s 

A basic consequence of this Harnack inequality is the control of the volume growth of balls 
centered at a given point. 

Proposition 2.3. For every x € M and every Rq > there is a constant C{d,K,p2) > such 
that, 

iT3{ D^^ ^ C{d,K,p2) D E> ^ n 

piBix,R))< ^^^^^^^^^^^^ R , R>Ro. 
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Proof. Fix x G M and t > 0. Applying Proposition 12.21 to p{x,y,t) for every y G B{x,\/t) we 
find 

p{x,x,t) < 2-eid p{x,y,2t) = C{d, k, p2)p{x,y,2t). 

Integration over B{x, \/t) gives 



p{x,x,t)fi{B{x,Vt)) <C{d,K,p2) j 

J B\ 



p{x,y,2t)dix{y) < C{d,K,p2] 

'B{x,Vi) 

wliere we have used Ptl < 1. This gives the on-diagonal upper bound 

C{d,K,p2) 



(2.5) 



p{x,x,t) < 



f,{B{x,Vi)y 
Let now t > r > 0. Again, from the Harnack inequality of Proposition 12.21 ^^ have 



p{x,x,t) >p{x,x,t) (^- ^ 



The inequality (|2.5|) finally implies the desired conclusion. 



D 



2.3. Reverse logarithmic Sobolev inequalities. In this section we derive some functional 
inequalities which will play a fundamental role in the proof of Theorem 13. II below. 



Proposition 2.4. Let e > and f E Ae . For x G M, t, r > 0, and C G M, one has 

Ptif In f ){x) -Pt f {x) In Pt fix) 



-Pt{fT{lnf)){x) + T^ Ptif T^ [In f)){x) + - 1 + _ + ^ 

P2 P2 \ P2 d 



>- 



t + T 



4Ct 



Ptf{x)T{lnPtf){x) + (t + TfPtf{x)T^{lnPtf){x) + ^LPtf{x) 

P2 P2d 



^ln(^l + -)PJ(x). 



Proof. Let T, r > be arbitrarily fixed. We apply Theorem 12.11 in which we choose 



1 



b(t) = {T + r-ty, ait) = -{T + T- t), ^(t) 



C 



P2 



T + T-t 



0<t<T. 



With such choices we obtain 



(2.6) 



a' - 2k^ - 4^ = -^ ( 1 + ^ + ^ ) , 
b' + 2p2a = 0, 

4CT 
P2d ' 



rT 4a7 _ 4CT 
Jo d 



and 

.-/o"¥ = -gln(l + I). 

Keeping (|2.3p in mind, we obtain the sought for conclusion with T in place of t. The arbi- 
trariness of T > finishes the proof. 

D 

A first notable consequence of Proposition 12.41 is the following reverse log-Sobolev inequality. 
Corollary 2.5. Let e > and f e Ag. For x G M, t > one has 

tPtf{x)T{lnPtf){x)+p2t^Ptf{x)T^{lnPtf){x) <(l + ^\ [Pt{f In f){x) - Ptf (x) In Ptf{x)]. 

Proof. We first apply Proposition 12.41 with C = 0, and then we let r — )• 0^ in the resulting 
inequality. 

D 

We may actually improve Corollarv 12.51 and obtain the following crucial dimensional reverse 
log-Sobolev inequality. 
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Theorem 2.6. Let e > and f G A^, then for every C > and 5 > 0, one has for x £ M, 
t>0, 

(2.7) -Pt fix)r (In Ptf)ix) + t^Ptfix)r^ (In Ptf)ix) 

< - f 1 + — + ^"j [Pt{f\nf){x) - Ptfix) InPtfix)] 

'^ ' :LP,/(x) + ^lnfl + iV*/(-)- 



P2d 1 + 5 dp2 V ^ 

Proof. For x £ M, t, r > 0, we apply Proposition 12.41 to the function P^f instead of /. RecaUing 
that PtiPrf) = Pt+rf, we obtain, for all C G M, 

(2.8) -PtiPrfr{lnPrf))ix) + r^Pt{Prfr^ilnPrf))ix) 

P2 

+ - fl + — + ^"j [PtiPrf In Prf){x) - Pt+r fix) In Pt+r fix)] 
P2 \ P2 d J "■ 

> ^-^Pt+rfix)TilnPt+rf)ix) + (t + T)^Pt+rfix)T^iln Pt+rf )ix) 
P2 

AC 2C^ / t \ 

+ -tLP„./(.)-— 1„(1 + -JP„./W. 

Invoking Proposition 12.51 we now find for every x G M, r > 0, 

TPrfix)Ti\nPrf)ix)+p2T''Prfix)T^i\nPrf)ix) <(l + —^ [P,(/ In /)(x)-P,/(x) In P,/(x)] . 

If we now apply Pt to this inequality, we obtain 

TPtiPrfTi\nPrf))ix)+p2T^PtiPrfT^i\nPrf))ix) < (l + —^ [Pi+,(/ In /)(x)-Pt (P,/ In P,/)(x) 



We use this inequality to bound from above the first two terms in the left-hand side of (j2.8p . 
obtaining 

^^P<+.(/ln/)(x) + i^P,(P,/lnP,/)(x) - 1 fl + ^ + i^) Pt+rf ix) InPt+rfix) 

P2 P2d P2 \ P2 d J 

> ^-^Pt+rfix)rilnPt+rf)ix) + it + T)^Pt+rfix)T^i\n Pt+rf )ix) 
P2 

AC IC'^ / /■ \ 

+ tLPt+rfix) - In 1 + - Pt+rfix). 

P2d dp2 V 'tJ 

Consider the convex function <I>(s) = sins, s > 0. Thanks to Jensen's inequality, we have for 
any r > and x G M 

HPrfix)) < P,($(/))(X), 

which we can rewrite 

P,/(x)lnP,/(x)<P,(/ln/)(x). 

For C > 0, applying Pj to this inequality we find 

^Pi(P./lnP./)(x) < i^P,+,(/ln/)(x). 
P2d p2d 
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We therefore conclude, for C > 0, 



1 / 2k AC\ 

1 + — + -T [Pt+riflnf)ix) - Pt+rfix)\nPt+rfix)] 



P2 



i + ^^ ., ^^.. ^ ..,..,.. ^2D ,,r.^^z. 



> -^Pt+rf{x)T{lnPt+rf){x) + {t + TyPt+rf{x)T^{lnPt+rf){x) 
P2 

AC 2C^ / t \ 

+ ^*LP,W(x)-^ln(l + -jp„./W. 

If in the latter inequality we now choose r = 5t, we find: 

- fl + — + ^1 [Pt+6t{f\^f){x) - Pt+stfix)lnPt+stf{x)] 
> ^-^^Pt+stf {x)r {In Pt+stf){x) + (t + 6tf Pt+5t f {x)r^ {In Ptutf){x) 

P2 

AC 2C^ / 1\ 

+ -tLPW(x)-^ln(l + -jPW(x). 

Changing (1 + 5)t into t in the latter inequality, we finally conclude: 

-Ptf{x)T{\nPtf){x) + t^ Ptf {x)r^ {In Ptf){x) 

P2 

< 1 f 1 + - + ^"j [Pt{f In f){x) - Ptf{x) lnPtf{x)] 

P2\ P2 d J ^ 

^^ ' LP,f{x) + ^ln(l + l)p,f{x). 



P2d 1 + 6 dp2 V ^ 

This gives the desired conclusion ([2 



n 

3. Volume doubling property 

Our principal objective of this section is proving the following result. 

Theorem 3.1 (Global doubling property). The metric measure space (M, d, /i) satisfies the 
global volume doubling property. More precisely, there exists a constant Ci = Ci{pi, p2, K,d) > 
such that for every x G M and every r > 0, 

p{B{x,2r))<Cip{B{x,r)). 

3.1. Small time asymptotics. As a first step, we prove a small time asymptotics result inter- 
esting in itself, see Proposition 13.31 below. In what follows for a given set j4 C M we will denote 
by \a its indicator function. We will need the following simple form of the maximum principle. 

Lemma 3.2. Fix a base point x € M, and let d{y) = d{y,x). For a > 0, let f be a measurable 
function on M, / > 0, such that 



(3.1) / e^'''"^y^f{yfdp{y) < oo. 

Then, f £ L^{U) n ^^(M) and if we let u{y,t) = Ptf{y), then for t > we have 

(3.2) / e^^^^y^u{y,tfdp{y) < e^"'* / e^^'^^y^ f {yf dp{y) . 



If instead a < and f e L°°(M), then u{y,t) = Ptf{y) belongs to L°°{M x (0,oo)), and the 
same conclusion (13.211 is valid in this case. 



12 
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Proof. We first consider the case in which a > 0, and / satisfies ()3.ip . Since in such case 
g2ad > i-^Q easily see that / € L^(M). To verify that / G L^{M.) we argue as fohows. From 
the Cauchy-Schwarz inequality we have 



|/(y)|d/x(y) < ( / e^^'^^y^fiyfdfiiy)) ( / e-'"'<y^ df,{y) 



1/2 



In view of (|3.1|) it will thus suffice that the second integral in the right-hand side be finite. Now 



Jm TTn Jb(x,2^+^)\B(x,2' 



-2ad{y)^ 



e -""''"' dfj.{y) 



j=0 

oo 



3{x,2i+^)\B{x,2') 

< ^^{Bix, 1)) + Y, e-(2'^'"V(i?(x, 2*+'))- 

Proposition 12.31 guarantees the existence of a constant C{x) > such that for any R> 1, 

li{B{x,R)) <C{x)R^. 
As a consequence, for every i = 0,1,2,..., we obtain 

(S(x,2*+i))<C(x)(2^+i)^. 



M 



This gives. 



e-^''''^yUt,{y) < ^,{B{x^) 

</x(i?(x,l) 

<MB{x,l) 
= ^i{B{x,l) 



+ C(x)J](2^+^)^e-(2'^'") 

i=0 

oo 

+ C(x)2^e-2- J](2^)^e-«2'-i)2") 



i=0 



C"(x)e-2°^fc^e 



-2a(fe-l) 



+ C\x)e 



-2a 



k=l 

fOO 



(x + l)^e-2°^dx 





[D]+l 



^k^-2ax 



k=0 ^ ^ 

+ C"(x)e-2" ^ ('[^]^+ ^\ (2a)-(^-+i)r(A: + 1) < oo, 

I — n ^ ^ 



where we have denoted by T{z) the value of Euler's Gamma function at z > 0. This proves that 
/GLi(M). 

Our next objective is proving (|3.2p . At first, we prove (j3.2p under the additional assumption 
that / be compactly supported (not necessarly smooth). We pick a sequence of relatively 
compact open sets Qn such that il„ C iln+i and 

U^=iO„ = M. 

We fix n large enough so that Cln contain the support of /. We introduce the functional 

Jn{t) = I e^'"'^y'^un{y,tfdfi{y) < oo, 

J Hit. 



A SUB-RIEMANNIAN CURVATURE-DIMENSION INEQUALITY, ETC. 13 

where P " is the Dirichlet semigroup on Qn, and Un{y,t) = P^ "f{y). We note that Un solves 
the Cauchy-Dirichlet problem 



(3.3) 



Lun - iun)t = 0, in Qn X (0, oo), 
Un = 0, on di^n X (0, oo), 

Un{y,0) = f{y), y€^n- 



The interpretation of (|3.3p in the sense of (weak) Sobolev spaces implies that for every t G (0, oo) 

o 1,2 

one has Un{-,t) G Wjj {^n) and moreover 

[r{un{;t),^){y) + {un)t{y,t)(l){y)]dfi{y) = 0, 

o 1,2 o 1,2 

for every (/) e Wjj (0„). If for t > fixed we take (p{y) = e^"'^^^^n„(y,t), then for u G Wjj (il„), 

r(n, <t>) = e2°'^r(u, Un) + 2ae^'"^UnT{u, d) 

We notice here that since the function y — )• d{y) is Lipschitz continuous (with respect to the 
Carnot-Caratheodory distance), by the Rademacher theorem in |GN2j we conclude that y — )• 
g^oid{y) belongs to the Sobolev space Wjj'^^Q.n), and therefore by the Leibniz rule the function 

o 1,2 

y — ^ e^°"^^y'Un{y,t) belongs to W jj (ri„). This gives 

= /" [T{un{-,t),(l)){y) + {un)t{y, m{y)] dfi{y) 

= I e^"'^^^) \v{un{-,t)){y) + 2aUn{y,t)T{un{-,t),d){y) + \[ul{-,t))^{y)\diJi{y). 

Since 

Jnit)= f e'-''^yHul{;t))^{y)df,{y), 

we conclude that 

(3.4) J'nit) = -2 f e2"^(^) [T{uni;t)){y) + 2aUn{y,t)T{uni;t),d){y)]df,{y). 

In the sequel we will omit reference to the variable of integration y G M. Applying Cauchy- 
Schwarz inequality in (|3.4p . and using the fact that T{d) < 1 ^ a. e. in M, we find 

Jn{t)<-2[ e'^'"^T{un)dfx + 4a( [ e'^'"^T{un)dti) ([ e'^'"^ulT{d)dfi] 

< 2{ae -1) f e^'"'r{un)dfi + '^Jn{t), 

where e > is arbitrary. Choosing e = a^^, we obtain the inequality 

J'n{t) < 2aV„(t). 

Integrating such inequality on the interval [0, t] , where t > is arbitrarily fixed, we reach the 
conclusion 

(3.5) Jn{t) < e'"''Jn{0) = e'"'' f e^'^'^y^ f\y)di,{y) < e^"'* / e'^'^y^ f{y)d^,{y). 
Since by the weak maximum principle, we have for n < q 

Pp-f{y) < P^'fiy), {y,t) e^nx (0,00), 
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the sequence (P^ "/)^ is increasing and, as n — t- oo, it converges pointwise // a.e. to {Ptf)"^ and 
therefore this is also the same for 1q^(Pj "/)^- Letting n — t- oo in the latter inequality, by the 
monotone convergence theorem, we thus obtain 



This proves (j3.2p when / is compactly supported. If now / is a measurable function of M 
satisfying (j3.ip . we apply the inequality ()3.2p to /in/, where < /i^ < 1, /in compactly supported 
and hn /^ I- This gives 

^}'^''^y^P,{Kf){y?d^,{y)<e'-'' [ e'-'^yhl{y)f{yfdf^{y). 



Since /i^ /^ 1, we reach the desired conclusion for the function / by the monotone convergence 
theorem. 

Finally, when a < 0, then the function e^ G L^(M) (see the proof above), and using the 
fact that, if / G L°°(M), then u G L°°(M x (0, oo)), the same computations as above easily give 
the desired conclusion (13. 2p in this case. 

n 

We now to turn to the announced small time asymptotics. 
Proposition 3.3. Given x G M and r > 0, let f = l^u^^y. One has, 

liminff— slnPj/fx)) > — . 
S-5-0+ 4 

Proof. To prove the proposition it will suffice to show that 

limsup(tlnPi/(x)) < 

Let a > to be suitably chosen subsequently. From the group property of Pt and the Cauchy- 
Schwarz inequality we find 

(3.6) PtlB{x,rr{xf = P^{P^lB{x,rr){xf 

^ 2 

p{x,y, t/2)Pt_ lB{x,rY {y)dfJ'{y) 

/M 
< 



rp^ 



[ p{x,y,t/2fe^^''(yUfi{y) [ e-2"'^(j')p,/2lB(.,.)^(y)'d^(y). 



We first bound the term f^p{x,y,t/2)'^e'^'^'^^y'dfi{y) by using the Harnack inequality in Propo- 
sition [221 Appealing to such result if e > and z G B{x,e), we find 

p{x, y, t/2) = p{y, X, t/2) < p{y, z, (1 + e)t/2) (1 + e)f exp f :^^ 

Integrating the latter inequality with respect to z G B(x,e), we obtain 

fi(B{x,e))p{x,y,t/2)<(l + e)^ei^p(^^) [ p{y,z,{l + e)t/2)dp{z) 

\altj JB{x,e) 

We have thus proved that for every e > 0, any x,y G M, and t > 0, one has 
(3.7) .(., .. t/2) < (l±iJ|EiMp^ (1,,.,,) (,). 



A SUB-RIEMANNIAN CURVATURE-DIMENSION INEQUALITY, ETC. 15 

From p.7p . and an application of ()3.2p in Lemma [3.21 to the function f{y) = ^B{x,e)iy)^ we 
obtain: 

(3.8) / pix, y, t/2fe'-'^^y^f,idy) < ^^ ^ f!^ ^''^[P^ I ^i^+^W^ (l^(=^'.^)) iv? ^""'^'^ Mv) 
Jm fJ'{'D[x,£)) Jm 






< ^^ ' :'r\l''' ^^'^"^ / e2"'^(^)d/x(y) 



)2 



< (1+g) ew{il) ^(l+e)a^t^2ae 

n{B{x,e)) 

On the other hand, applying the second part of Lemma [3^2] to the function f{y) = 1^(^ ,.)c(y), 
we find 

(3.9) / e-2"'^(^)p,/2lB(x.,r)^(y)'rfA^(y) < e"'* / e-2"^(^)d/x(y) 

Jm JB{x,rY 

oo „ 

1=0 J B(x,2i+^r)\B{x,2W) 

oo 

<e'^'*^;u(5(x,2^+V))e- 



i=0 

If we now use p.Sp and ()3.9p in the estimate ()3.6p . we obtain 

nO „,,„ /-De A °o 



l„\A„-2'+^ 



ar 



(3.10) P.l^(.,.).(x)^ < ^ lr^7 e(^+-)"^*e^- ^ ^(i?(x, 2-+V))e 

KB{x,e)) f^ 

At this point, by an estimate similar to that in the proof of Lemma 13.2^ we find 

Y,KB{x,2'+'r))e-^'^'^' < C'{x,r)e-'"^- ^ ( ^^j^ ) (2ar)- ('=+!) L (A: + 1). 

i=0 fc=0 ^ ^ 

Substituting this inequality in (j3.10p we conclude 

X e.2+e)ah^-2ar 

k=0 

If in (|3.1ip we choose a = r/2t, we finally obtain 

D r^ r^ 

limsup(tlnPtls(^,r)c(2;)) <—e + e—-—. 

We conclude by letting e — ;■ 0. D 

3.2. Reverse Harnack inequalities. As a second step toward the proof of Theorem 13.11 we 
investigate some of the consequences of the reverse log-Sobolev inequality in Proposition 12.61 for 
functions / such that < / < 1 (later, we will apply this to indicator functions). 

Proposition 3.4. Let e > 0, f £ Ae, < / < 1, and consider the function u{x,t) = 



^^(2+e)ah^-2ar ^ n^J^+ M (2ar)-(^+l)r(A; + 1). 



y/ - In Ptf{x). Then, 



I D* \ D* 

2tut+u+ 1 + V^ -u^/^ + W— n-i/3 >o, 



-Ptf{x)T{lnPtf){x)+t^Ptf{x)T^{lnPtf){x) > 0, 

P2 
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where 

Proof. Noting that we have 

applying the inequahty (I2.7p in Theorem 12.61 we obtain that for all C > 0, 

where we used the fact that 

On the other hand, the hypothesis < / < 1 implies / In / < 0. After dividing both sides of 
the above inequality by Ptf , we thus find 

d f Ik \C\ , „ , 2Ct LPtf C2 
— 1 + — + — ] In Ptf — + — > 0. 

2 V P2 d ; '■' 1+6 Ptf ^ 6 - 

Dividing both sides by C > 0, this may be re-written 

(3.12) -—InPtf -2\nPtf - J^hM. + ^ > Q. 

^ ' 2C ■' ■' 1 + 6 Ptf 6 - 

We now minimize the left-hand side of (j3.12p with respect to C. The minimum value is attained 
in 

Substituting this value in (13.12p . we obtain 



With u{x,t) = ^y—lnPtf{x), and noting that ut = — 2M~Pf ' ^^ *^^^ re- write this inequality as 
follows, 

or equivalently, 

Finally, if we choose 



ID* 2t 

25+^ + TT^"*-°' 



2tut + u + 6u + {1 + 6)\ ^ > 0. 

V 26 



1 



n2/3' 
we obtain the desired conclusion. 

We now introduce the function g : (0, oo) — )■ (0, oo) defined by 

aiv) 

One easily verifies that 

I F)* 

lim \ v~ ' g{v) = 1, lim vg{v) = 1. 

v^0+ V 2 ?;-)-oo 



n 



v+[l + J^^]vy^ + J^^v-y^ 
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These limit relations show that g £ L^{0, A) for every A> 0, but g .^^(0, oo). Moreover, if we 
set 

G{u) = / g{v)dv, 
Jo 
then G'{u) = g{u) > 0, and thus G : (0, oo) — )• (0, oo) is invertible. Furthermore, as u — )• oo we 
have 

(3.13) G{u) = lnu + CQ + R{u), 

where Gq is a constant and lim R{u) = 0. At this point we notice that, in terms of the function 

g{u), we can re-express the conclusion of Proposition 13.41 in the form 

2tut + ^^ > 0. 

Keeping in mind that g{u) = G'{u), we thus conclude 

,3.14) q^.O'i.,u..>_-l. 

From this identity we now obtain the following basic result. 

Corollary 3.5. Let f G L°°(M), < / < 1, then for any x £M and 0< s < t, 

G (v/-lnPJ(x)) > G (V-lnP./(x)) - ^ In 0) . 

Proof. If / E As for some e, the inequality is a straightforward consequence of the above results. 
In fact, keeping in mind that u{x,t) = y/—lnPtf{x), in order to reach the desired conclusion 
all we need to do is integrating (I3.14p between s and t. Consider now / G L°°(M), < / < 1. 
Let hn e C^(M), with < /i„ < 1, and /i„ /■ 1. For n > 0, r > and e > 0, the function 

(1 - e)PriKf) + e £ Ae. 
Therefore, 

G (V-lnPt((l -£)P.(/i„/) +e)(x)) >G(V-lnP.((l-e)P.(/in/) + £)(x))-iln0y 

Letting e — )• 0, r — )■ and finally n — )• oo, we obtain the desired conclusion for /. This completes 
the proof. D 

Combining Corollarv 13.51 with Proposition 13.31 we obtain the following key estimate. 

Proposition 3.6. Let x £ M and r > be arbitrarily fixed. There exists Gq £ M, independent 
of X and r, such that for any t > 0, 



G [^^-\nPtlBi^,.y{x)) > In ^ + Co*. 

Proof. Re- write the inequality claimed in Corollary 13.51 as follows 

G(v/-lnPt/(x)) >G(V-lnP,/(x)) + lnV^-lnA 
where we have presently let fiy) = 1b(x rY iv) ■ Since for this function we have lim (— In Psf(x)) 

^ ' ' s-s>0+ 

OO, using (j3.13p we see that, for s — )• 0"'", the latter inequality is equivalent to 



G ( y/ - In Pt fix)) > In y/ -sin Ps f {x) - In Vi + Go + R{V-^^Ps fix)). 



We now take the liminf as s — t- 0"^ of both sides of this inequality. Applying Proposition 13.31 we 
deduce 



Gi^^/-lnPtfix)j >ln--lnVt + Co = ln— + Co*, 



n 
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where we have let Cq = Cq — In 2. This estabhshes the desired conclusion. 

We are now in a position to prove the central result in this paper. 

Theorem 3.7. There exists a constant A > such that for every x E M, and r > 0, 

1 

PAr^{'^B(x,r)){x) > -• 

Proof. By the stochastic completeness of M we know that P^l = 1. Therefore, 

PAr^{'^B{x,r)){x) = 1 - PAr-2{'^B{x,rY){x)- 

We conclude that the desired estimate is equivalent to proving that there exists an absolute 
constant ^ > such that 



Vln2 < ^ -\nPA,.2{lB{x,rY){x), 
or, equivalently. 



(3.15) G (Vh^) < G (^-lnP^,2(lB(.,.)c)(x)) . 

At this point we invoke Proposition 13.61 which gives 

G(^-lnP^,2(l5(,,,).)(x)) >\nl^-^ + G^. 

It is thus clear that, letting A — t- 0^, we can certainly achieve (j3.15p . thus completing the proof. 

D 

With Theorem 13.71 in hands we can finally prove Theorem 13.11 

Proof of Theorem I3.il The argument which shows how to obtain Theorem 13.11 from Theorem 
13.71 was developed independently by Grigor'yan |Gril| and by Saloff-Coste [SCj . and it is by now 
well-known. However, since it is short for the sake of completeness in what follows we provide 
the relevant details. 

From the semigroup property and the symmetry of the heat kernel we have for any y G M 
and t > 

?'(y,y,2t)= / p{y,z,tfdn{z). 



Consider now a function h G C^(M) such that 0<h<l, h=lon B{x,\/t/2) and h = 
outside B{x,^/t). We thus have 

Pth{y) = [ p{y, z, t)h{z)dfi{z) < I [ p{y, z, tfdfi{z) ] ( [ h{zfdfi{z)) ' 

Jm \JB(x,Vt) J \Jm J 

<p{y,y,2tf^fi{B{x,Vt)f2. 

If we take y = x, and t = r'^, we obtain 

(3.16) P,2 {lBix,r)) {xf < PrMxf < p{x, X, 2r^) fi{B{x, r)). 

At this point we use Theorem 13.71 which gives for some < ^ < 1, (the fact that we can choose 
A < 1 is clear from the proof of Theorem 13. 7p 

PAr4^B{x,r))ix) > ^, X G M, r > 0. 

Combining this estimate with the Harnack inequality in Proposition 12.21 and with (j3.16p . we 
obtain the following on-diagonal lower bound 

(3.17) p(x,x,2r^)>—— --, x£M,r>0. 

n{B{x,r)) 
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Applying Proposition 12.21 we find for every y G B{x, \/t), 

p{x,x,t) < Cp{x,y,2t). 
Integration over B{x, \/t) gives 

p{x, X, t)fi{B{x, Vt))<C [ p{x, y, 2t)dfi{y) < C, 

JB{x,Vi) 

where we have used Pjl < 1. Letting t = r'^, we obtain from this the on-diagonal upper bound 

(3.18) p(x,x,r^)< J^ 

Combining (j3.17p with (jS.lSp we finally obtain 

KBix,2r)) < ^ < ^^' < C**f,iBix,r)), 

p(x,x,4r^j p{x,x,2r'^) 

where we have used once more Proposition 12.21 which gives 

p{x,x,2r'^) ^ ^, 

p{x,x,4:r'^) ~ 

and we have let C** = CC'{C*y^. This completes the proof. 

n 

It is well-known that Theorem 13.11 provides the following uniformity control at all scales. 

Theorem 3.8. With Ci being the constant in Theoreni \3.1[ let Q = log2Ci. For any x G M 
and r > one has 

fL{B{x, tr)) > C^^t'^n{B{x, r)), < t < 1. 

4. Two-sided Gaussian bounds, Poincare inequality and parabolic Harnack 

inequality 

The purpose of this section is to establish some optimal two-sided bounds for the heat kernel 
p{x, y, t) associated with the subelliptic operator L. Such estimates are reminiscent of those 
obtained by Li and Yau for complete Riemannian manifolds having Ric > 0. As a consequence 
of the two-sided Gaussian bound for the heat kernel, we will derive the Poincare inequality and 
the local parabolic Harnack inequality thanks to well-known results in the works [FSj . [KSlj . 
[GriT] , [sb], [StI], [St2], [St3] . 

We assume, once again, that the assumptions of Section 2.1 are satisfied. Here is our main 
result. 

Theorem 4.1. For any < e < 1 there exists a constant C(e) = C{d,K,p2,£) > 0, which tends 
to oo as e — 7- 0^, such that for every x,y gWS. and t > one has 

Cier' ( Dd{x,yf \ ^ ,, ^ C{e) ( d{x,yf 



^^iB{x,Vi)) V d(4-e)ty -"^ '"' ^-/x(i3(x,x/i)) "V (4 + e)t. 

Proof. We begin by establishing the lower bound. First, from Proposition 12.21 we obtain for all 
y eM,t > 0, and every < e < 1, 

X i^ ( Dd{x,y)'^' 
p{x,y,t) > p{x, X, et)e 2 exp I -— _ 

We thus need to estimate p{x,x,et) from below. But this has already been done in (j3.17p . 
Choosing r > such that 2r^ = et, we obtain from that estimate 

pix,x,et)> , ^ , a; G M, t > 0. 

'- ^i{B{x,^IJ2Vt)y 
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On the other hand, since \f^J^ < 1, by the trivial inequahty ij{B{x, y^T^V^)) < f^{B {x , \/l)) , 

we conclude 

( C* f f Dd{x,yf 

p[x, y, t) > — — e 2 exp ' 



fiiB{x,Vi)) "V d{4-e)t^ 

This proves the Gaussian lower bound. 

For the Gaussian upper bound, we first observe that the following upper bound is proved in 

[BGT]: 

C{d,K,P2,e') [ d{x,yf 

P{x,y,t) < — , ^— rexp 



Q 



^l{Bix,Vi)p^,iB{y,Vi))^ V (4 + ^0* 

At this point, by the triangle inequality and Theorem 13.81 we find. 

fi{B{x,Vi)) < KB{y,d{x,y) + Vi)) 

< CMBiy,V-t)){ '^'^'^^^' 

This gives 

1 <^_^^f^f(M)+i''^ 



fi{B{y,Vi)) ~ KB{x,Vi)) \ Vi 
Combining this with the above estimate we obtain 

Cl^^C{d,K,P2,e') fd{x,y) \^ ( d{x,yf 
P{X, y, t) < -^ ^ ^ 1- 1 exp ' 



p{B{x,Vt)) \ Vt J V (4 + £')* 

If now < e < 1, it is clear that we can choose < e' < e such that 

Cl^^C{d,K,p2,e') fd{x,y) \^ ( d{x,yf \ ^ C*{d,K,p2,e) ( d{x,yf 

+ 1 exp -— — < — ; — p-— exp ' 



p{B{x,Vt)) \ Vt J "V {'^ + e')tj - p{B{x,Vi)) "V (4 + £)t. 

where C*{d,K,p2,£) is a constant which tends to cxd as e — )• O"*'. The desired conclusion follows 
by suitably adjusting the values of both e' and of the constant in the right-hand side of the 
estimate. 

D 

With Theorems 13.11 and 14.11 in hands, we can now appeal to the results in |FS] . |KSlj . [Grilj . 
|SC| . |Stlj . [St2j . [St3 ]. see also the books [GSCj . [Gri2]. More precisely, from the developments 
in these papers it is by now well-known that in the context of strictly regular local Dirichlet 
spaces we have the equivalence between: 

(1) A two sided Gaussian bounds for the heat kernel (like in Theorem 14. Ih : 

(2) The conjunction of the volume doubling property and the Poincare inequality (see The- 
orem 112]); 

(3) The parabolic Harnack inequality (see Theorem 14. 4p . 

For uniformly parabolic equations in divergence form the equivalence between (1) and (3) 
was first proved in [FSj. The fact that (1) implies the volume doubling property is almost 
straightforward, the argument may be found in |SC2j p. 161. The fact that (1) also implies the 
Poincare inequality relies on a beautiful and general argument by Kusuoka and Stroock [KSlj . 
pp. 434-435. The equivalence between (2) and (3) originates from |Gril| and |SC] and has been 
worked out in the context of strictly local regular Dirichlet spaces in |St3j . Finally, the fact that 
(2) implies (1) is also proven in [St3]. 
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Thus, in our framework, thanks to Theorem 14.11 we obtain the following weaker form of 
Poincare inequality. Of course we already know the volume doubling property since we proved 
it to obtain the Gaussian estimates. 

Theorem 4.2. There exists a constant C = C{d,K, P2) > such that for every x G M, r > 0, 
and f £ C°°(M) one has 

I \f{y) - fr\^df,{y) < Cr^ [ T{f){y)dfi{y), 

JB{x,r) JB(x,2r) 

where we have let U = ^(B(x,r)) lB{x,r) Z^/^- 

Since thanks to Theorem 13.11 the space {M.,fi,d), where d = d{x,y) indicates the sub- 
Riemannian distance, is a space of homogeneous type, arguing as in [Jj we now conclude with 
the following result. 

Corollary 4.3. There exists a constant C* = C*{d, k, P2) > such that for every x G M, r > 0, 
and f G C°°(M) one has 

\fiy) - fr\^d^i{y) < C*r^ f T{f){y)dp{y). 

B{x,r) JB{x,r) 

Furthermore, the following scale invariant Harnack inequality for local solutions holds. 

Theorem 4.4. If u is a positive solution of the heat equation in a cylinder of the form Q = 
(s, s + ar^) X B{x, r) then 

(4.1) supu < Ciniu, 

Q- Q+ 

where for some fixed 0</3<7<(5<a<oo and rj G (0, 1), 

Q— = (s + /3r , s + 7r ) X B{x, rjr), Q+ = {s + 6r ,s + ar ) x B{x, rjr). 

Here, the constant C is independent of x,r and u, hut depends on the parameters d,K,p2, as 
well as on a, /3, 7, 6 and rj. 

5. L-HARMONIC FUNCTIONS WITH POLYNOMIAL GROWTH 

In this section, we assume again that the assumptions of Section 2.1 are satisfied. 

In |BGlj the first and third named authors were able to establish a Yau type Liouville the- 
orem stating that when M is complete, and the generalized curvature dimension inequality 
CD{pi, p2, K, d) holds for pi > 0, then there exist no bounded solutions of Lf = on M besides 
the constants. Note that this result is weaker than Yau's original Riemannian result in [Yl] 
since this author only assumes a one-side bound. However, as a consequence of Theorem 14.41 we 
can now remove such limitation and obtain the following complete sub- Riemannian analogue of 
Yau's Liouville theorem. 

Theorem 5.1. There exist no positive solutions of Lf = on M besides the constants. 

In fact, we can now prove much more. In their celebrated work |CM) Colding and Minicozzi 
obtained a complete resolution of Yau's famous conjecture that the space of harmonic functions 
with a fixed polynomial growth at infinity on an open manifold with Ric > is finite dimensional. 
A fundamental discovery in that paper is the fact that such property can be solely derived 
from the volume doubling condition and the Neumann- Poincare inequality. In Theorem 8.1 
in [CMj the authors, assuming these two properties, present a generalization of their result to 
sub-Riemannian manifolds. However, since at the time [CMj was written the only application 
of such theorem that could be given was to Lie groups with polynomial volume growth, see 
Corollary 8.2 in that paper. 
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If we combine Theorem 13.11 and Corollary 14.31 in the present work with the cited Theorem 8.1 
in |CMj . we can considerably broaden the scope of Colding and Minicozzi's result and obtain 
a positive answer to the following generalization of Yau's conjecture. Given a fixed base point 
xq G M, and a number A^ € N, we will indicate with "Hat (M, L) the linear space of all solutions 
of Lf = on M such that there exist a constant C < oo for which 

|/(x)| < C(l + (i(x,xo)^), xeM. 

Theorem 5.2. For every N gN one has 

dim '?^Ar(M, L) < oo. 
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